Spectral element methods (SEM) are superior to general finite element methods (FEM) in achieving high order accuracy through p-type refinement. Owing to orthogonal polynomials in both expansion and test functions, the discretization errors in SEM could be reduced exponentially to machine zero so that the spectral convergence rate can be achieved. Inherited the advantage of FEM, SEM can enhance resolution via both h-type and p-type mesh-refinement. A penalty method was utilized to compute force fields in particulate flows involving freely moving rigid particles. Results were analyzed and comparisons were made; therefore, this penalty-implemented SEM was proven to be a viable method for two-phase flow problems.
Introduction
Particulate flows are of special interest to engineers and scientists [1] . Most research studies are about particles of regular shapes [1] , especially spheres [2] - [7] . Markauskas [8] simulated axisymmetric particles with Discrete Element Method and analyzed the discharge rate of Hopper flow in 2006. The Arbitrary Lagrangian Eulerian technique (ALE), first appeared in 1973 [9] , allows prescribed or fluid-induced adaptation of the computational mesh [6] [9] [10] . If high computational cost is permitted, ALE is ideal for particulate flows with gradual motion of finite number of particles. In 2009, Apte et al. [11] presented fully resolved simulations of moving rigid arbitrary-shaped particles with Distributed Lagrangian Multiplier (DLM) fictitious domain method implemented in a finite volume formulation. Both ALE and DLM are very accurate and comparable to direct numerical simulation. However, in terms of computational cost, both are too expensive even if for a few particles and could be very slow and cumbersome in modeling numerous interacting particles. Studies on rotational particles are relatively fewer. Bush et al. [12] conducted a comprehensive survey of both theoretical and experimental results about particle motion in rotating fluids. Tanzosh and Stone [13] analyzed particle motion in a rotating fluid for small Reynolds number with the Boundary Integral Method. Hynes et al. [14] numerically studied the rotational and translational friction of fluid on a particle and examined the DeGroot-Mazur approximation. Bluemink et al. [15] experimentally investigated a freely rotating sphere in a sloid-body rotational flow. Liu and Prosperetti [16] studied a spinning sphere subject to nonslip planar boundaries with the combined immersedboundary and finite-difference method. Lee and Ladd [17] numerically simulated a rotating suspension of particles in Stokes flow. So far, it is uncommon to see in open literature about numerical study of a rotating particle subject to force couples simulated with a high order method. This paper presents a method and implementation for fully resolving viscous dominant flow around rotating a particle with a modal version of the spectral element method via both h-type and p-type mesh refinement.
Mathematical Physics of Particulate Flow

Description of the Fluid
When particles and a fluid are treated as two phases, the surfaces of particles, the moving internal boundaries, are unknown to the fluid. However, if the particles and the fluid are considered as an entire system, only those confining walls are boundaries. The exchange of drag and force couple between the fluid and particles are internal to the system. This paper presents the Virtual Identity Particle (VIP), a combined Eulerian-Lagrangian model for particulate flow. The fluid velocity is a three-dimensional solenoidal vector field and satisfies the incompressible Navier-Stokes equations with added source terms describing the exchanging momenta between particles and the fluid in an Eulerian reference frame within a Cartesian coordinate system [18] - [20] .
where ρ and µ are the density and dynamic viscosity of the fluid; ( , )
is the Lagrangian coordinate vector of the particle k in reference to the origin of the Eulerian coordinates; N is the total number of particles in the fluid;
[ ]
is the added source term for the interaction between this particle and the fluid. This source term contains two groups of force fields given as the following:
In which, k F and k  G are the vector sum of force and torque (force couple) of the particle k to the fluid; Φ is a kernel function to distribute the force and torque to the flow field; σ 1 , σ 2 are two vectors of parameters for the geometrical features of particles. Depending on the specific complexity of a particle, the kernel function could take different forms, e.g., a transcendental function for a hemisphere or tailored polynomials for a cylinder etc. Particles in this paper are spherical but the model could handle nonspherical-ellipsoidal, semisphere or circular cylindrical particles. The kernel function is essentially a probability density funtion with a conservation property. The mass of the particle k is m p and its displaced mass of water is m f . The vector of moment of inertia about its rotating axes is I . The particle k has a translational velocity k V and an angular velocity k Ω . These velocities, force and torque satisfy the Lagrangian form of the constitutional equation as below:
where 1 0 and 2 0 are zero matrices of dimension 1 3 × and 3 1 × , respectively.
Description of Particles
After solving the fluid velocity ( , ) t u x , the velocity k V of the particle k is filtered out, as below, through a triple integral over the volume (Vol ) of the computatioal domain:
Similarly the angular velocity is computed with the vorticy of the fluid through another triple integral as below:
The displacements in both translational and rotational motion are given by the constitutional equations:
Dynamics of the Motion
For resistance problems which are defined by Kim and Karrila [21] in particulate flow, the force and torque are to be determined from known motion, such as velocity k  V and k  Ω , the following penalized differential equations are solved:
;
where τ is a pseudo-time step; and are penalty parameters for the force and torque, respectively, and their magnitude is restricted by the stability condition during explicit time integrations. During each time step, the force and torque are initialized to their values in the previous time step or zero if starting from the begining.
These known values of force and torque are plugged into Equation (2), then remove the convective term and replace t into τ in Equation ( 2) so that it becomes an unsteady Stokes equation. After solving the unsteady Stokes problem for the fluid velocity, then Equations (5) and (6) (8) and (9) to update the force and torque. If the differences are very small, then k F and k  G are no longer changing withτ and convergence is achieved. For mobility problems with known values for the force and torque k F and k  G , Equation (2) is solved for the fluid velocity ( , ) t u x . Then Equations (5) and (6) are evaluated for the velocities of the particle k, and Equation (7) is integrated to obtain the translational and rotational displacements for the next time instant. If the mobility problem is to be solved for the next time, then Equation (4) For problems without any prior knowledge of motion and force, the fluid velocity at the center of the particle k can be used as the approaching velocity and theoretical laws of fluid mechanics can estimate the drag force on this particle. For low Reynolds number particulate flow, Stokes law gives a good estimate of the drag force:
For finite Reynolds number flow, Oseen law gives the corresponding estimate of the drag force:
In order to compute the vector of force couples on the particle k, one of the force dipole iteration algorithms developed by Liu [22] will be used. Here the penalized algorithm is used and details are in the next subsection.
Penalized Dipole Iteration Scheme
After solving Equation (2), the integral averaged strain rate tensor A ε  inside this particle is evaluated:
here L is the characteristic length for nondimensionlization; ν is the kinematic viscosity; and ε  is the rate of strain tensor for the fluid velocity field. Then the Euclidean (L 2 ) norm of A ε  is computed and compared with a given tolerance (e.g., Tol = 10 
Otherwise, if the dominant force on the particle k is drag force and flow is pressure-gradient driven, then use ( )
instead, in which r is the radius of the particle. A few iterations are needed in the penalized dipole iteration scheme to reduce ( ) 
Numerical Method Used in Implementation
The modal spectral element method (MSEM) [ ) orthogonal polynomials and the order is at the discretion of a user. Therefore, it is more flexible and capable than FEM during increasing spatial resolution. For certain situations, without the demand for tiny elements, more non-uniform quadrature nodes can be used in each element simply by using a larger value for the order of polynomials. The hierarchical basis functions enable MSEM to superpose higher order modes on lower ones without the effort in changing lower sets since modal polynomial bases gradually increase from linear functions at elemental vertices to high order polynomials in the middle, unlike the same order in all elements as in the nodal spectral element method [24] . To demonstrate the idea, using FEM for an one-dimensional case, for example, the coarse resolution uses one element in space, if resolution doubles by using two smaller elements and the basis function in FEM is quadratic, then the error could be reduced to (1/2) 3 of the coarse resolution. However for MSEM, using the same h-refinement and 10 th order p-refinement, the error could be reduced to (1/2) 11 of that of the coarse resolution. Hence, the accuracy could be increased up to 256 times. Compared with finite difference methods which do not guarantee symmetric matrices to invert due to boundary conditions, MSEM always generates symmetric matrices due to using Galerkin projection.
Simulation Results
Two example problems demonstrated below were simulated with MSEM. Comparison and verification of results are made to establish the credibility and discussions are presented thereafter.
Single Particle Rotation Due to Force Dipole
One spherical particle of unit radius (a = 1) located in the middle of two parallel side walls rotates under a constant force couple, i.e., force dipole or torque, in a Stokes flow. In dimensionless units, the measures of two side walls are x 1 from 0 to 30 and x 3 from −15 to 15. The locations of two side walls are at x 2 = −5 and x 2 = −5, respectively, in x 2 . The coordinates of the particle are x 1 = 15, x 2 = 0, and x 3 = 0. No external force is exerted on this particle. Mesh independence tests indicated that using 3584 non-uniform hexahedral elements at 5 th order expansion could generate enough spatial resolution. This particle is surrounded by an incompressible fluid of dimensionless dynamic viscosity µ = 1. A constant torque of magnitude 8πμa 3 = 8π is applied in x 3 direction so that the particle rotates in x 1 − x 2 plane. The Stokes rotating angular velocity is Ω s = 1.0 subject to this torque. Due to the friction of the side walls, the computed particle terminal angular velocity scaled by Ω s is 0.99567. For the same problem, Dance [25] used the Uzawa algorithm and FEM, and the angular velocity scaled by Ω s was 0.99573. The dominant component of the integral averaged strain rate tensor scaled by Ω s was 0.00197 from this simulation and 0.001965 from Dance [25] . Figure 1 shows comparisons of the scaled fluid velocity profiles for components u 1 (left) and u 2 (right) versus the normalized distance between two side walls. These profiles are at the locations through the particle center, tangential to particle surface, and one diameter from its center. Figure 2 (right) demonstrates the computed fluid streamlines around the particle. Because a virtual particle is actually in the modeling, the computational mesh and the fluid are actually filled within the particle's nominal volume. The angular velocity in Figure 2 is counter-clockwise and the associated Taylor number is 1. The magnitude of the background velocity component is almost order of one. Good agreement was achieved.
Dipole and Restoring Torque: Stokes Channel Flow
One spherical particle of radius 1 a = was placed at the center of a Stokes flow in a channel of size Nonslip boundary conditions were imposed on two end walls at 2 4 x = ± and periodic boundary conditions were specified at boundaries in both 1 x and 3 x . The dynamic viscosity of the fluid was scaled to be the dimensionless value of 1 µ = . The computational volume including the volme inside this sphere was discretized with 256 hexahedral elements and up to 9 quadrature points, i.e., 8 th order expansion, were used to ensure enough resolution. To drive the flow, a constant torque normal to the 1 2 x x plane was applied to the particle's center. This torque, equivalent to a force dipole, was added into the dipole components 12 
In an unbounded domain, this torque would generate an angular velocity of value ( )
But due to the presence of these two side walls at 2 4 x = ± , this particle would be slowed down and the actual angular velocity would be slightly less than one. After convergence tests, the dimensionless angular velocity was 3 0.9898 Ω = at the 9 th order expansion. Conversely, the direction (sign) of this torque was reversed and the constant torque on the particle was changed to 12 4 G π = − and 21 4 G π = .
After convergence was reached, the dimensionless angular velocity became 3 0.9898 Ω =− at the 8 th order expansion on every one of 256 elements. Next, a restoring torque, i.e., a pair of restoring force couples ( 12 R T and 21 
12
R R T T = − ), computed from the penalized Equation (13), was added into the dipole term: 12 G and 21 G , in order to slow this particle down from rotation. Therefore, the computation restarted from the previouly converged flow field except no restoring torque. The tolerance for ther residual angular velocity was set to be 0.0075, i.e., 0.75% of the value in Equation (16) . Similarly, for the case of the torque with a reversed sign, a corresponding restoring torque was computed to bring the rotating fluid inside the particle into almost stationary.
For the first case with the initial constant torque 12 4 G π = and 21 4 G π = − , after applying the restoring torque of 12 4.035 00619 Ω = which is 0.625% relative to the initial value of 3 Ω . For the computed restoring torque, the relative error is 0.875%. If the tolerance for ther residual angular velocity was set to be even smaller, then it is possible to obtain even better results.
For the second case with the initial constant torque 12 4 G π = − and 21 4 G π = , after applying the restoring torque of 12 . By reversing the torque, the angular velocity data are perfectly reversed. This case verified the penalty algorithm. Figure 3 (left) demonstrates the angular velocity of this particle versus the dimensionless time. At time is 2, due to the initial constant torque, the angular velocity already reaches 0.9702. Then at time is 10.55, it becomes 0.9898. Starting at time which was 10.55, the restoring started to overcome the initial torque and to slow the spinning of this particle. At time is 11.0, the angular velocity was already reduced to −0.1532; finally at time is 15.5, it was down to 0.0619. This illustrated that the restoring torque works very well and quickly. Figure 3 (right) shows the evolution of the restoring torque. It seems that the angular velocity is very responsive, at the beginning state, to the restoring torque which was added by the penalized differential Equation (13) . As the angular velocity gets significantly smaller towards zero, the restoring torque starts to change very little.
Because angular velocity is actually just half of the vorticity of the fluid, vorticity field is plotted to show the details of the flow field. Figure 4 (top) presents the vorticity component of the fluid velocity before adding the restoring torque. In the center of this figure is the volume nominally inside the particle. The advance of VIP is to avoid fully resolving the boundary near the surface of the particle in order to reduce the computational intensity. Therefore, the fluid is actually filled in the particle and tailored force field was computed to simulate the effect of the presence of particle. Because of the nature of added force field, the fluid inside the particle does not perform solid rotational motion, instead, in the figure, the value of the angular velocity is larger at the interior and gradually smaller near the spherical surface. Figure 4 (bottom) is the vorticity field after the restoring torque was fully established. From the ratio of the magnitude of the vorticity, which is essentially the ratio of the angular velocity, the angular velocity was reduced to less than 1% of that without the restoring torque. If using the same scales in the bottom plot, then the fluid is basically without rotation and almost stationary. These plots indicate that the restoring torque and other components of the force dipole can significantly change the flow field And the computed force field was successful in modifying the spin of the fluid.
Conclusion
The virtual identity particle model was used to model interactions between a rotating particle and the ambient fluid without the demand of curvature-fitted grids/elements near the particle's surface. Penalized differential equations implemented in the dipole iteration scheme were used to compute the restoring torque to zero out the motion inside the particle. The whole algorithm was implemented with the modal spectral element method which had the reputation for high accuracy and resolvability due to its hierarchically orthogonal bases. Results have been compared with peer's to validate the algorithm and discussions are made to analyze the intrinsic physics and phenomenon.
